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ABSTRACT
In this note we construct the function f holomorphic in the umnit ball B
in CV such that for every positive-dimensional subspace IT of CV, f lnnB
is not L2-integrable. We present also some possible generalizations of this

result.

1. Introduction

Let D be an open set in CV. Suppose that F is some class of complex-valued
functions in D which are holomorphic in D) and satisfy some other conditions
there. Let M be a linear subvariety of dimension L in CV. The problem is to
determine what further properties (beyond being holomorphic) have the functions
from the class F' restricted to the slices L N D. The problem of investigation of
holomorphic functions on slices was carried out in many situations by several
authors; see e.g. [1], [5], [6], [7].

In [2], (3], and [4] we tried to describe the so-called exceptional subsets for
functions from the Bergman spaces. This leads to the general question, how bad
the holomorphic function in the domain D C CV can be, when one considers the
L?integrability on slices. In this note we prove that for every positive integer
N there exists the function f, holomorphic in the unit ball B in CV, such that
for every positive-dimensional subspace II of CV, f lgnp is not L?-integrable in
II N B. We present also some possible generalizations of this result.
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2. Highly nonintegrable holomorphic functions in the unit ball
In this chapter we prove the following theorem:

THEOREM 1: Let N be a positive integer. Then there exists the function f
holomorphic in the unit ball B C CV, such that for every L-dimensional subspace
MofCN,L=1,...,N,

flnnp ¢ L*(IIN B)

(with respect to the 2L-dimensional Lebesgue measure in IIN B).

Proof: If D is a domain in CM, where M is some positive integer, denote by
L2*H(D) the space of all functions holomorphic in D and L2-integrable (with
respect to the Lebesgue measure). Let f € LZH(D). Applying Cauchy’s integral
formula for a polydisc, we obtain the well-known estimate: For every 2o € D,

M\M/? 1
(1) el < (%) mrmgpylfive
(Here and in the sequel, || f||p,2 denotes the L?-norm of f in D, and dist (29, D)
is the usual euclidean distance of zg to the boundary of D.)
If 11 is an L-dimensional subspace of CV, and f|g~p € L*(IIN B), then by
(1), there exists a constant ¢ > 0 such that for every z € IIN B:

CLL/Z
< .
MO nl/2 dist(z, B)L

Since
1 1

<
dist(z, 8B)L ~ dist(z,8B)N’
then it is sufficient to find f € O(B) such that for every subspace II of CN of
positive dimension, there exists a sequence {2, }5%; C II N B such that

L=1,2,...,N,

n
2) &2 Gt 3B

for infinitely many n.

It follows that it suffices to construct the function f € O(B) such that for every
w € OB, there exists a sequence {z,}5, of points of the interval {tw]0 <¢ < 1}
(the radius of B, joining 0 and w), such that (2) holds.
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Every real (2N — 1)-dimensional hyperplane © of C¥ = R?*V with 0 ¢ © can
be represented in the form

(3) ©={zeC": Re < z — ¢z, 29 >= 0},
with some zp € CV,||z|| =1, and ¢ > 0. (< , > denotes here the standard
complex scalar product in CV, and || || the usual euclidean norm.) Consider

the function
h(z) = bexp(a < z ~ c20,20 >), z€ CcN, a,b>0.

Then because of (3), | hlg | = b, and |h(z)| < b for those z € CN which lie on the
same side of the hyperplane © as the point 0. (In particular, |h(0)| = be™2¢.)

Take a sequence {r,}32, of positive numbers such that 0 < r; < ry < ---,
and r, / 1. Then for every n = 2,3,..., there exists a finite number of real
hyperplanes in CV, {©n,1,-..,0n,,}, each of them not containing zero, and the
family of compact subsets K, ; C ©,;,1=1,...,1, such that:

4) Foreveryi=1,...,05, Kn;C{z€CN:r,_; <z} <rn}.
(5) For every w € 9B, there exists 1 with 1 <17 <1,

such that the interval {tw: 0 <t < 1} intersects Ky, ;.
(6) For every i = 1,...,i,, the closed ball B(0,r,_;)

and the sets Ky, 1,...,Kn ;-1 lie on the same side of ©,, ; as the point zero .

(We set here K, o =0.)
Order the hyperplanes ©,, ; into the sequence by the following way:

{62,1a . -,@2,iz7 e3,1, o .,63,,;3,@4,1, . } = {91162, . }a

order similarly the corresponding sets K,; into the sequence {Kj, Kj,...}.
Every hyperplane ©,, ; has the form

O,:={z¢€ CV: Re< 2 —CniZnizni >=0}, n=23,..., i=gq,...,in,
for some z,; € CV,{|zn || = 1, and some ¢, ; > 0. Consider the functions

hni(2) = bn i€xp(an;i < 2 = CniZn iy Zn,i >),
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where the positive constants a, ; and b, ; are to be determined. In the sequel we
assume that the functions h,; and the constants a,; and b, ; are ordered into
the sequences {h1, ho, ...} ,{a1,az,...}, and {b1,bz,...} in the same way as the
hyperplanes ©, ; and sets K, ;.
Choose b; = by ; in such a way that
1
1=b1 2 dist(Ka1, 0B)N’

Then choose a; = aj o so that

b

Ih21ll5Ermy e S 27
(This is possible because of (4) and (6); ||g||z,cc denotes here the supremum norm
of the function g on the set L.} Suppose that the constants by, ..., b and ay,...,a
are already chosen. Then we have biy; = by, ; for uniquely determined niy;
and 1 < ¢ <, Choose b4 in such a way that

I+1 :
= > o b Y ,
(7) bl+1 b’"t+1,’t = diSt(KH.l,aB)N +p=1 “h’P”KH-l,OO +1

For brevity, denote

L;=: B(O, ’I‘nH_l_l) U Kn1+1,1 U---uy Kn1+x,i—1'

Then choose a;41 = @y, i S0 that

(8) “h1+1"Lt (= “hﬂt+1,i“L1) < 2—(’+1)'

(This is possible because of (6).) Set
©) fz)=> h(z), z€B.
=1

It follows from (8), the definition of L;, and the assumption on the sequence {r,}
that the series in the right-hand side of (9) is convergent uniformly on compact
subsets of B to some function holomorphic in B. Also, by (7) and (8), for every
zZE K[,

l
F(=)l 2 dist(z,8B)N”
By (10) and (5) we conclude that also (2) holds. As explained above, this finishes
the proof of the theorem. |

(10)
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3. Possible generalizations

We present here some examples which show that the construction used in the
proof of Theorem 1, together with some modifications, allows one to prove the
analogues of Theorem 1 in more general situations; the generalizations concern
the values of the exponent p in the scale of LP-spaces, the domains (geometrically
convex, or strictly pseudoconvex domains instead of the ball), and the slices (well-
behaved analytic subsets of the domain instead of complex subspaces).

Let C be an arbitrary geometrically convex (not necessarily bounded) domain
in CN. Take a sequence of bounded, smoothly bounded, convex domains in C¥

such that C; ¢ C; c C, € Cy C ---, and U:’zl C, = C. We can assume
that 0 € Cy. Then for every n = 2,3,... , one can find a finite number of real
hyperplanes in CN, {©,1,...,0,.}, each of them not containing zero, and the

family of compact subsets K, ; C ©, 4, i =1,...,%,, such that:

(11) Foreveryi=1,...,in, Kn;CCp~Ch_;.
For every w,u € 9C : if the interval I, , =: {w + t(u —w): 0 <t < 1}
(12) (joining w and u) intersects C,,_;, then there exists
with 1 < ¢ <, such that K, ; N L, # 0.
(13) For every i =1,...,%n, the sets Cp—y and Kpn1,..., Kn i 1

lie on the same side of ©,, ; as the point zero.

Then, arguing as in the proof of Theorem 1, we can prove that:

For every w,u € 0C, there exists a sequence {z,}22, of points

of the interval I, ,,, joining w and u, such that
n

S o
|f(zn)] > Tst(z, 8OV for infinitely many n.

Therefore, by the explanation in Section 2, we obtain:

THEOREM 2: If C is a geometrically convex domain in CN, then there exists a
function f € O(D) such that for every positive-dimensional affine subspace II of
CN,ifTINC # 0, then

flunc ¢ L*@NO).

Consider now the spaces LP,1 < p < 400, instead of L2. It is also well-known
that for such p the following estimates, similar to (1), hold: If D is a domain
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in CM for some positive integer M, f € LPH(D) (the space of all functions
holomorphic and L?-integrable in D), 1 < p < 400, and zp € D, then

M

14) o< () g gmmlios
1St 2o, 4

(| fllp,p denotes the LP-norm of f in D.) For z; sufficiently close to 8D, we have
dist(20,0D) < 1. Hence for 1 < p < +o00,

1 1
1< <= .
dist(z9,dD)%" ~ dist(zo, 0D)?M

Therefore, for all zy € D, and for every 1 < p < 400, we have

1 1
(15) — e <l
dist(zo, 0D) " dist(z, 8D)2M
Moreover, there exists ¢ > 0 such that for all L = 1,...,N, and every
1<p<+o,

(16) (%) . <ec

It follows from (14), (15), and (16), and the construction from the proof of
Theorem 1, that if we require that the function f, constructed similarly as before,
satisfies, instead of (10), the inequality

l

F@N 2 Fore e

+1

for all z € K; (where the sets K are defined as in the proof of Theorem 1), then
we obtain the function holomorphic in the unit ball B ¢ CN such that for every
subspace II of CN, and for every 1 < p < +o0, f ¢ LP(ILN B).

The above construction can be carried out also if the ball B is replaced by
a convex domain C C C¥, and II is an arbitrary positive-dimensional affine
subspace of CN such that II N C # §; the resulting function f is then such that
for every 1 < p < +00,

flunc € LF(INC).

Suppose now that C is a strictly convex domain in CY with smooth boundary.
Then the convenient modification of the above construction allows one to obtain
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the function holomorphic in C such that f ¢ LP(II N C), where II is now an
arbitrary complex submanifold of a neighborhood of C such that IINC # §, and
IT intersects C transversally, and p is any number with 1 < p < +o00.

Finally, let D be a strictly pseudoconvex domain in CY with smooth boundary.
By Fornaess’ embedding theorem, there exists a neighborhood D of D, a strictly
convex, bounded, and smoothly bounded domain C' in some C¥, and a holomor-
phic mapping ¥: D — CM such that ¥ maps D biholomorphically onto some
complex submanifold (D) of €M, such that (D) intersects dC transversally.
If II is a complex submanifold of some neighborhood of D which intersects 8D
transversally, then 1(II) is a complex submanifold of some neighborhood of C,
also intersecting dC transversally. Moreover, g € LP(y(IT)) iff go v € LP(TI).
By this, and by the above-mentioned result for strictly convex domains, we see

that the analogous result holds also for strictly pseudoconvex domains:

THEOREM 3: Let D be a strictly pseudoconvex domain in C¥ with C* boundary.
Then there exists a function f, holomorphic in D, such that for every p with
1 < p < +o00, and every complex submanifold II of some neighborhood of D,
such that IIN D # @ and II intersects 8D transversally, f|nnp ¢ LP(IIN D).
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